Abstract. Let f be a Drinfeld modular form for Γ 0 (p). From such a form, one can obtain two forms for the full modular group GL 2 (A): by taking the trace or the norm from Γ 0 (p) to GL 2 (A). In this paper we show some connections between the arithmetic modulo p of the coefficients of the u-series expansion of f and those of a form closely related to its trace, and of the coefficients of f and those of its norm.
Introduction and statement of results
For a prime ℓ ∈ Z, reduction modulo ℓ connects modular forms for the congruence subgroup Γ 0 (ℓ) to modular forms for the full modular group SL 2 (Z). More precisely, we have the following two theorems:
In [12] , Serre shows the following:
Theorem. There is a one-to-one correspondence between forms of weight 2 for Γ 0 (ℓ) with rational ℓ-integral q-series coefficients and forms of weight ℓ + 1 for SL 2 (Z) with rational ℓ-integral q-series coefficients. Furthermore, define
then the correspondence is given by the map f ≡ Tr(f g (0) ) (mod ℓ)
where g (0) is an auxiliary form such that g (0) ≡ 1 (mod ℓ).
In [2, Proposition 5.2], Ahlgren and Papanikolas generalize Lemma 3 from [1] and show the following:
Theorem. Suppose that f ∈ S k (Γ 0 (ℓ)) has rational, ℓ-integral q-series coefficients, with leading coefficient 1, and that f |[W ℓ ] = ±f , where [W ℓ ] is the Fricke involution. Let N(f ) be the multiple of
that has leading coefficient 1. Then N(f ) ∈ S k(ℓ+1) (SL 2 (Z)), N(f ) has rational, ℓ-integral q-series coefficients, and
The Drinfeld setting offers for function fields constructions analogous to elliptic curves, modular forms, and modular curves in the classical setting. It is therefore natural to wonder if analogous theorems hold in the Drinfeld setting, and in this paper we show that they do.
For the remainder of this work, we now let q be a power of a prime p, rather than the classical e 2πiz above. For F q the finite field of order q, we set A = F q [T ] and K = F q (T ). We will fix a monic prime polynomial π(T ) ∈ A, of degree d, and denote by p the ideal generated by this polynomial. Then we have: Theorem 1.1. Let q ≥ 3. There is a one-to-one correspondence between forms of weight 2 and type 1 for Γ 0 (p) with rational π-integral u-series coefficients and forms of weight q d + 1 and type 1 for GL 2 (A) with rational π-integral u-series coefficients. Furthermore, define
then the correspondence is given by the map
where g (0) is an auxiliary form such that g (0) ≡ 1 (mod p).
And also Theorem 1.2. Let f be a Drinfeld modular form for Γ 0 (p) with integral u-series coefficients, and such that the leading coefficient of its u-series expansion is 1. Suppose further that f is an eigenform of the Fricke involution. Let N(f )(z) be the multiple of
that has leading coefficient 1. Then N(f ) has integral u-series coefficients and
As in Serre's classical work on this subject, Theorem 1.1 is a corollary of a more general result, which we give here since it is of independent interest. Theorem 4.1. Let f be a Drinfeld modular form of weight k and type l for Γ 0 (p), with rational u-series coefficients. Then f is a p-adic Drinfeld modular form for GL 2 (A). This paper is organized as follows: In Section 2 we present basic facts on Drinfeld modular forms to establish our notation. In Section 3, we perform some computation to get formulae and integrality results for some operators we will need. In Section 4 we prove Theorem 4.1, from which we will obtain Theorem 1.1. Finally, in Section 5 we show Theorem 1.2.
Preliminaries and notation
Recall from the Introduction that we set A = F q [T ], where q is a power of a prime p, and K = F q (T ). We complete K at the infinite place v ∞ (x) = − deg(x), and write K ∞ = F q ((1/T )) for the completion of K at this place. We will also write C =K ∞ for the completed algebraic closure of K ∞ , and Ω = P 1 (C) − P 1 (K ∞ ) = C − K ∞ . Ω has a rigid analytic structure described in [7] , and we call it the Drinfeld upper half-plane. The group GL 2 (A) acts on Ω by fractional linear transformations.
2.1. The Carlitz module. Let End C,Fq (G a ) be the ring of F q -linear morphisms of the additive group scheme G a that are defined over the field C. Then End C,Fq (G a ) is the ring of polynomials of the form
where the ring multiplication is composition. We will need Carlitz's module ρ of rank 1, first studied by Carlitz in [4] . It is the ring homomorphism
which sends T to the polynomial
One can show that there is a unique rank 1 A-lattice L, and a rigid analytic, entire, surjective, F q -linear, L-periodic function e L : C → C given by the product
such that for each a ∈ A, the following diagram commutes:
where ·a denotes the usual multiplication by a on C.
We write L =πA, where the Carlitz periodπ ∈ K ∞ ( q−1 √ −T ) is defined up to a (q − 1)th root of unity. We choose one suchπ and fix it for the remainder of this work.
For π ∈ A a monic prime polynomial of degree d as in the Introduction, we have
with each α i in A. We have:
3 Lemma 2.1 (Hayes, [10] , Proposition 2.4). For any positive integer n and prime π ∈ A, the polynomial
is Eisenstein.
is irreducible, with coefficients in A. Furthermore,
where p is the ideal generated by π.
Proof. That ρ π (x) has integral coefficients is clear from its definition, from which it follows that ρπ(x) x also does. Since ρ 1 (x) = x, the other assertions follow from Hayes's Lemma above.
Drinfeld modular forms.
In this section, when we refer to rigid analytic objects we will mean rigid analytic in the sense of [5] . For a more complete reference on Drinfeld modules and Drinfeld modular forms, we refer the reader to Gekeler's excellent Inventiones paper [6] , or to the author's PhD thesis [14] .
Recall that we use p to denote a prime ideal of A. For any such ideal, we define
We may take the quotient Γ\Ω, and this space has a rigid analytic structure inherited from that of Ω. Furthermore, there is a smooth affine algebraic curve M Γ defined over C such that Γ\Ω is canonically isomorphic to the rigid analytic space associated to M Γ . The curve M Γ can be compactified; in the case where Γ = GL 2 (A) this is done by adding one cusp denoted ∞, and in the case where Γ = Γ 0 (p) this is done by adding two cusps denoted by 0 and ∞. We denote the compactified curve by X 0 (p). An analytic parameter at ∞ is given by the analytic function
where L is the lattice associated to the Carlitz module above, andπ is the Carlitz period.
(This is not completely true: an analytic parameter is given by u(z) q−1 , but since we will deal with Drinfeld modular forms with type they will have expansions in u.)
Drinfeld modular form of weight k and type l for Γ, where k ≥ 0 is an integer and l is a class in (2) f is rigid analytic on Ω; (3) f is analytic at the cusps of Γ.
Condition (3) means that for some -and therefore any -analytic parameter at the cusp in question, f has a power series expansion in this parameter with positive radius of convergence. In this paper we shall need to discuss the coefficients of such an expansion, which are not independent of the choice of parameter. For the cusp ∞, we fix once and for all the function u above as this parameter.
To describe the expansion at the cusp 0 for a Drinfeld modular form f for Γ 0 (p), we first need to define a slash operator: For any x ∈ K × ∞ , x can be written uniquely as
where ζ x ∈ F × q , and u x is such that v ∞ (u x − 1) > 0, or in other words u x is a 1-unit at ∞. We call ζ x the leading coefficient of x.
For γ ∈ GL 2 (K) we have that det γ ∈ K × . By (2.3), we can write
For simplicity we write ζ det γ = ζ γ . We define a slash operator for γ = ( a b c d ) ∈ GL 2 (K) on a modular form of weight k and type l by
Note that for γ ∈ GL 2 (A) we have that det γ = ζ γ ; thus if f is modular of weight k and type l for Γ and
The matrix
sends the cusp ∞ to the cusp 0 on X 0 (p). We define the u-series expansion of a Drinfeld modular form f of weight k and type l for Γ 0 (p) at 0 to be that of the form
at ∞. We take this opportunity to note that the operator | k,l [W p ] is an involution on the Drinfeld modular forms for Γ 0 (p) called the Fricke involution. Finally, when we simply speak of the u-series expansion of a form, without specifying a cusp, we will always mean the u-series expansion at the cusp ∞.
2.3. Modular forms for GL 2 (A). We will need a few facts about the algebra of Drinfeld modular forms for the full modular group GL 2 (A), which we collect here.
For k a positive integer and z ∈ Ω, Goss defines in [9] an Eisenstein series of weight q k − 1 by:
where L k is the least common multiple of all monics of degree k, so that
andπ is the Carlitz period fixed above. These series converge and thus define rigid analytic functions on Ω. They should be considered the analogues of the classical Eisenstein series, and they can be shown to be modular of weight q k − 1 and type 0 for GL 2 (A). Finally, it is shown in [6] that with this normalization each g k has integral u-series coefficients.
Another modular form for GL 2 (A) which will be important in this paper is the Poincaré series of weight q + 1 and type 1, first defined by Gerritzen and van der Put in [8, page 304] . Let H be the subgroup
and as usual
Then we may define a series
Using the properties of the function u(z), this series can be shown to in fact define a Drinfeld modular form of weight q + 1 and type 1. It is shown in [6] that h also has integral u-series coefficients.
It is a well-known fact (see for example [6] ) that the graded C-algebra of Drinfeld modular forms of all weights and all types for GL 2 (A) is the polynomial ring C[g 1 , h] (where each Drinfeld modular form corresponds to a unique isobaric polynomial). Because of the prominent role of the Drinfeld Eisenstein series of weight q − 1 in the theory, as is customary we will simply write g instead of g 1 from now on.
p-adic
Drinfeld modular forms for GL 2 (A). As before, π(T ) ∈ A is a monic prime polynomial of degree d and we denote by p the principal ideal that it generates. For x ∈ K, we write v p (x) for the valuation of x at p.
i be a formal series with c i ∈ K. Then we define the valuation of f at p to be
For two formal series f = a i u i and g
We note that it was shown in [6] that if π(T ) is of degree d, then
Following the definition of Serre [12] , we define Definition 2.5. A p-adic Drinfeld modular form is a formal u-series expansion a j u j such that there exists a sequence {f i } of Drinfeld modular forms for GL 2 (A) such that
We do not know as yet the extent to which the coefficients of these p-adic Drinfeld modular forms have nice arithmetic properties.
3. Operators on Γ 0 (p) 3.1. Integrality of U p and V p . We begin by introducing two operators relevant to the theory of p-adic Drinfeld modular forms. As before p is a prime ideal generated by a monic prime polynomial π(T ) of A of degree d. For any rigid analytic function f on Ω with expansion f = ∞ i=0 c i u i at ∞ we define:
and f |V p = f (πz).
We will show that if the coefficients c i are integral, then the u-series coefficients of f |U p and f |V p are also integral and moreover that
and
We first consider the operator U p . This operator was already studied in [3] , where the author determined that the U p operator acts in the following manner on the coefficients at ∞ of analytic functions on Ω (we note that Bosser's result is more general and applies to meromorphic functions with a pole of order less than q d at infinity, but we will only need the version stated here): Proposition 3.1. Let p be a prime ideal in A generated by a monic prime polynomial π of degree d, and let f be an analytic function on Ω. Assume that f has a u-series expansion of the form
As before we write the Carlitz module evaluated at π as ρ π (x) = πx + 1≤i≤d α i x q i . Then f |U p has a u-series expansion
From this explicit result we deduce that U p indeed preserves integrality of the u-series coefficients, since each α i is integral, and furthermore: Corollary 3.2. Suppose that f has u-series coefficients in K. Then
Proof. This follows from the properties of a non-archimedean valuation, which imply that for each j v p (a j ) ≥ min
We now establish the same properties for the V p operator:
Proposition 3.3. Let p be a prime ideal in A generated by a monic prime polynomial π of degree d, and let f be an analytic function on Ω with u-series expansion of the form
Then if each c i is integral, then so are the u-series coefficients of f |V p . In addition, if each
Proof. We have:
and so we first investigate the u-series expansion of u(πz). By definition, if L =πA is the lattice associated to the Carlitz module and e L (z) is the exponential function associated to it, e L (πz) = ρ π (e L (z)).
We also define the π th inverse cyclotomic polynomial
f π is a polynomial with integral coefficients. Thus we have the straightforward computation:
Since f π (0) = 1, the formal expansion in X for
has integer coefficients, and u(πz) has a formal series expansion in u(z) with integral coefficients.
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Thus we have
We note that for j fixed, only a finite number of terms of the right hand side contribute to the coefficient of u j on the left hand side, and they are all integral if the c i 's are integral. We conclude that in this case f |V p also has integral u-series expansion.
Suppose now that the c i 's are merely in K, and v p (f ) = m, which implies that v p (c i ) ≥ m for each i. Then each of the summands in the coefficient of u j for fixed j on the left hand side has valuation ≥ m. We conclude that the coefficient of u j also has valuation ≥ m, which in turns implies that v p (f |V p ) ≥ m = v p (f ) and completes the proof.
We end this section by relating the V p operator to the operator
as before. We have:
Lemma 3.4. Let f be a modular form for GL 2 (A) of weight k and type l. Then
Proof. We have that
So that if we let
where the invariance of f under the action of | k,l [S] follows from the fact that f is modular for the full GL 2 (A).
Remark. From this fact, it follows that the action of | k,l [W p ] preserves integrality of the u-series coefficients if f is modular for GL 2 (A).
Norm and trace.
Definition 3.5. For f a modular form of weight k and type l for Γ a congruence subgroup of GL 2 (A), define its trace as
The form Tr(f ) is independent of the choice of coset representatives for Γ\ GL 2 (A), and it is a modular form of weight k and type l for GL 2 (A).
Definition 3.6. For f a modular form of weight k and type l for Γ a congruence subgroup of GL 2 (A), define its norm as
Again, N(f ) is independent of the choice of coset representatives for Γ\ GL 2 (A), and it is a modular form of weight k(q d + 1) and type l for GL 2 (A).
We restrict our attention to the case Γ = Γ 0 (p), where we have:
Lemma 3.7. Let p be an ideal generated by π(T ), a monic prime polynomial. The set
along with the identity, is a complete set of representatives for Γ 0 (p)\ GL 2 (A).
The proof of this fact is elementary, and follows as in the classical case. This explicit set of coset representatives will allow us to give formulae for Tr(f ) and N(f ) in the cases we are interested in in this paper. Before we do this, we introduce a bit of notation to simplify our work below: For λ ∈ A such that deg λ < deg π, we write γ λ for the matrix 1/π λ/π 0 1 .
With this notation, we have
Proposition 3.8. Let f be a modular form of weight k and type l for Γ 0 (p). Then
Since ζ 1/π = 1, and using the coset representatives from Lemma 3.7 we have
And the result follows from the definition of f 0 .
When f is invariant under the Fricke involution, we have Proposition 3.9. Let f be a modular form of weight k and type l for Γ 0 (p), and suppose furthermore that
Proof. This time f 0 = αf , and so going through the same argument as above we have:
Correspondence and trace
The ground laid in Section 3 allows us to show Theorem 4.1. Let f be a modular form of weight k and type l for Γ 0 (p), with rational u-series coefficients. Then f is a p-adic Drinfeld modular form for GL 2 (A).
Proof. For any positive integer n and g d the Eisenstein series of weight q d − 1 and type 0 for GL 2 (A), define
It is a modular form of weight n(q d − 1) and type 0 for Γ 0 (p). Since (g d ) n |V p has integral coefficients by Proposition 3.3 and g d ≡ 1 (mod p), we see that g (0) is congruent to 1 modulo p. Furthermore,
The last congruence follows from noticing that
and applying Proposition 3.3 to the u-series (g d ) n − 1, which has valuation at least 1, so that
(mod p).
With n fixed as before, define g (r) = (g (0) ) p r . Since g (0) ≡ 1 (mod p), we have that g (r) = (g (0) ) p r ≡ 1 (mod p p r ).
Similarly, because
it follows that
The function f g (r) is a Drinfeld modular form of weight k +np r (q d −1) and type l for Γ 0 (p) with rational coefficients. Thus by Proposition 3.8, Tr(f g (r) ) is of weight k + np r (q d − 1) and type l for GL 2 (A) and we have Tr(f g (r) ) − f = (Tr(f g (r) ) − f g (r) ) + f (g (r) − 1).
We first bound the valuation at p of the term f (g (r) − 1) from below, using the fact that g (r) ≡ 1 (mod p p r ):
We consider now Since we have v p (f |U p ) ≥ v p (f ), it follows that:
We conclude that
Now since f has rational u-series coefficients, then so does f | k,l [W p ], since the Fricke involution of X 0 (p) is defined over the rationals. Thus both v p (f ) and v p (f | k,l [W p ]) are finite.
{Tr(f g (r) )} is the sequence of Drinfeld modular forms satisfying the requirements of the definition of a p-adic Drinfeld modular form.
As a corollary we can prove Theorem 1.1:
